We consider relationships between Vandermonde sets and hyperovals. Hyperovals are Vandermonde sets, but, in general, Vandermonde sets are not hyperovals. We give necessary and sufficient conditions for a Vandermonde set to be a hyperoval. Therefore, we provide purely algebraic criteria for existence of hyperovals. Furthermore, we give necessary and sufficient conditions for the existence of hyperovals in terms of gfunctions, which can be considered as an analog of Glynn's Theorem for o-polynomials.
Introduction
A finite set of t elements in a finite field is called a Vandermonde set if all power sums of degrees up to t − 2 of these elements are equal to 0. We consider relationships between Vandermonde sets [GW03; ST08] and hyperovals. Hyperovals are Vandermonde sets, but, in general, Vandermonde sets are not hyperovals. We found an additional set of power sums that their equality to 0 provides necessary and sufficient conditions for a Vandermonde set to be a hyperoval. Therefore, we provide purely algebraic criteria for existence of hyperovals in terms of power sums.
Usually hyperovals are described in terms of o-polynomials, and an alternative description of hyperovals in terms of special g-functions are given in [Abd17; Abd19b] . We note that g-function approach is more efficient in cases when o-polynomial looks very complicated, in particular for Subiaco, Adelaide, Lunelli-Sce and sporadic O'Keefe-Penttila hyperovals [Abd19a; Abd19c] . We give necessary and sufficient conditions for the existence of hyperovals in terms of g-functions, which can be considered as an analog of Glynn's Theorem [Gly89] for o-polynomials. Provided conditions for existence of hyperovals are suitable for efficient computer search.
The paper is organized as follows. We first recall in Section 2 preliminary results on projective planes, affine planes and hyperovals. In Section 3, we show in Theorem 5 that hyperovals are Vandermonde sets. In Section 4, we provide three new characterizations of a hyperoval via power sums of its points. These are summarized in Theorem 8 and Theorem 11. We also describe examples of Vandermonde sets that are not hyperovals. In Section 5, we describe conditions on g-functions and ρ-polynomials for the existence of hyperovals in Theorem 17 and Theorem 18. In Section 6, we consider the Gram matrix for the elements of a hyperoval.
Preliminaries

Polar representation
In our paper we consider finite fields of characteristics 2 only. Let F = F 2 m be a finite field of order q = 2 m . Consider F as a subfield of K = F 2 n , where n = 2m, so K is a two dimensional vector space over F .
Then the trace and the norm maps from K to F are
The unit circle of K is the set of elements of norm 1:
Therefore, S is the multiplicative group of (q + 1)st roots of unity in K. Since F ∩ S = {1}, each non-zero element of K has a unique polar coordinate representation x = λu with λ ∈ F * and u ∈ S. For any x ∈ K * we have λ = √ xx and u = x/x.
One can define nondegenerate bilinear form ·, · :
Then the form ·, · is alternating and symmetric, that is, a, a = 0 and a, b = b, a .
Affine and projective planes
Consider points of a projective plane P G(2, q) in homogeneous coordinates as triples (x : y : z), where x, y, z ∈ F , (x, y, z) = (0, 0, 0), and we identify (x : y : z) with (λx : λy : λz), λ ∈ F . Then points of P G(2, q) are We define an affine plane AG(2, q) = P G(2, q)\[0 : 0 : 1], so points of this affine plane AG(2, q) are {(x : y : 1) | x, y ∈ F }. Associating (x : y : 1) with (x, y) we can identify points of the affine plane AG(2, q) with elements of the vector space V (2, q) = {(x, y) | x, y ∈ F }, and we will write AG(2, q) = V (2, q). Lines in AG(2, q) = V (2, q) are {(c, y) | y ∈ F } and {(x, xb + a) | x ∈ F }, a, b, c ∈ F . These lines can be described by equations x = c and y = xb + a.
We introduce now other representation of P G(2, q) using the field K. Consider pairs (x : z), where x ∈ K, z ∈ F , x = 0 or z = 0, and we identify (x : z) with (λx : λz), λ ∈ F * . Then points of P G(2, q) are
For α ∈ K and β ∈ F we define lines [α : β] in P G(2, q) as We define an affine plane AG(2, q) = P G(2, q)\[0 : 1], so points of this affine plane AG(2, q) are {(x : 1) | x ∈ K}. Associating (x : 1) with x ∈ K we can identify points of the affine plane AG(2, q) with elements of the field K, and we write AG(2, q) = K. Lines of AG(2, q) = K are of the form
where u ∈ S and µ ∈ F (cp. [Bal99, subsection 2.1]).
Throughout the paper, we will consider these two representations of the projective plane P G(2, q), and for each of such projective planes we consider a fixed affine plane AG(A, q) described above. They will be written as AG(2, q) = V (2, q) and AG(2, q) = K.
Hyperovals and representations
In the projective plane P G(2, q), q = 2 m , an oval is a set of q + 1 points, no three of which are collinear. Any line of the plane meets the oval O at either 0, 1 or 2 points and is called exterior, tangent or secant, respectively. All the tangent lines to the oval O concur at the same point N, called the nucleus of O. The set H = O ∪ N becomes a hyperoval, that is a set of q + 2 points, no three of which are collinear. Conversely, by removing any point from hyperoval one gets an oval.
By the fundamental theorem of projective geometry, any hyperoval of P G(2, q) is equivalent to a hyperoval H containing the points (1 : 0 : 0), (0 : 0 : 1), (0 : 1 : 0) and (1 : 1 : 1). Consequently we may write H in the form
where f induces a permutation of F such that f (0) = 0 and f (1) = 1. By applying Lagrange's Interpolation Formula, it can be shown (cp. [Hir98] ) that f can be expressed uniquely as a polynomial of degree q − 2 over the field F . The permutation polynomials which arise from hyperovals in this way are called o-polynomials (cp. [Che88] , [Che96] ).
As described in [Abd19b] , the hyperoval H can also be represented in P G(2, q) using the field K as
for some function g : S → F . If g(u) = 0 then we assume that u/g(u) = u ∞ is the element at infinity in the direction u. Such a function g : S → F is said to be a g-function. We can assume g(u) = 0 for all u ∈ S, by taking in place of g(u) an equivalent function g(u) + c, u with appropriate c ∈ K, cp. [Abd17] . Furthermore, we can assume that
where a 0 ∈ F 2 , a i ∈ K and a q+1−i = a q i for 1 ≤ i ≤ q/2. In thesis [Deo15] , following ideas from [FS06] , the ρ-polynomials were introduced. We note that the ρ-polynomials and g-functions are connected in the following way: g(u) = 1/ρ(u).
3 Hyperovals are Vandermonde sets
The set T is a super-Vandermonde set if it is a Vandermonde set and π t−1 (T ) = 0.
Lemma 2 (cp. [ST08] ). The Vandermonde property is invariant under transformations y → ay + b, (a = 0) if and only if t is even or b = 0.
The proof now follows.
Corollary 3 (cp. [ST08] ). If T is a Vandermonde set containing the zero element, then T \{0} is a super-Vandermonde set. In particular, if T is a Vandermonde set and t is even, then for any a ∈ T , the translate T − a is a Vandermonde set containing the zero element.
Lemma 4. Let O = {y 1 , · · · y q+1 } be an oval with points in GF (q 2 ) and nucleus at 0. Then O is a super-Vandermonde set of q + 1 points.
Proof. The set H := O ∪{0} is a hyperoval. Let x ∈ H. Since (x−y i ) q−1 represents the slope of line going through x and y i (cp. [Bal99] ) and since every line going through x intersects H at either 0 or 2 points, we have
This implies the polynomial
has at least q 2 − q − 2 roots. On the other hand, the degree of χ(X) is at most q − 2, so χ(X) must be the zero polynomial. This implies
Therefore O is a super-Vandermonde set.
Theorem 5. A hyperoval with points in GF (q 2 ) is a Vandermonde set.
Proof. Let N be a hyperoval with points in GF (q 2 ). Let N 0 be a translation of N containing 0. Then O := N 0 \{0} is an oval with points in GF (q 2 ) and nucleus at 0. By Lemma 4, O is a super-Vandermonde set. Hence N 0 is a Vandermonde set. By Lemma 2, N is also a Vandermonde set.
Hyperovals and power sums of points
In this section, we consider the set H := {u/g(u) | u ∈ S} ∪ {0}. As noted in Section 2, we can assume g(u) = 0 for all u ∈ S. We rewrite elements of S as S :
Lemma 6. A set N of q+2 points in GF (q 2 ) is a hyperoval if and only if every line intersects N at an even number of points.
Proof. If N is a hyperoval then every line intersects N at 0 or 2 points. Assume every line intersects N at an even number of points. Let p be a point on N. Then the q + 1 lines going through p each contains at least one more point of N. Since there are only q + 1 points in H\{p}, each of these lines contain exactly two points of N (including p). In particular, no three points of N are collinear and so N is a hyperoval. where ω ∈ S such that ω 3 = 1. Then H is a Vandermonde set but not a hyperoval, as the line 1, x = 0 intersects H at four points.
So from now on we will concentrate on sets of the form H := {u/g(u) | u ∈ S} ∪ {0}. Theorem 8. The set H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval if and only if one of the followings holds.
The equation
has an even number of solutions u ∈ S for each b ∈ K.
For each v ∈ S and 1
Proof.
1. If H is a hyperoval, then by [Abd19b, Theorem 4.4] the equation (1) has 0 or 2 solutions for each b ∈ K. Assume the converse. For v ∈ S, µ ∈ F , we want to show the line L defined by v, x + µ = 0 intersects H at an even number of points. There are two cases depending on µ.
(a) µ = 0. Then L intersects H at two points 0 and v/g(v).
This implies the line L intersects H at an even number of points. The claim now follows from Lemma 6.
Assume H is a hyperoval. Fix v ∈ S.
For each µ ∈ F , the line v, x = µ intersects H at either 0 or 2 points. In particular, the equation
= µ has either 0 or 2 solutions u ∈ S. This implies condition (2) is true for each v ∈ S and 1 ≤ k ≤ q.
Conversely, assume condition (2) is true for each v ∈ S and 1 ≤ k ≤ q. We will show that every line v, x = µ intersects H at an even number of points. Fix v ∈ S. For µ = 0, the line v, x = 0 intersects H at 0 and v/g(v). For each µ ∈ F \{0}, let
We note that, for each 1
Let Ω := {µ ∈ F \{0} | |U µ | is odd}. Assume that Ω = ∅. Then
Also, the sets U µ partition the set S\{v} of size q, so that |Ω| is even. In particular, the sum of the vectors (1, µ, µ 2 , · · · , µ q−2 ), µ ∈ Ω, is the zero vector. On the other hand, the Vandermonde's determinant implies that these vectors are linearly independent.
Hence Ω = ∅.
We have shown that every line v, x = µ intersects H at an even number of points. By Lemma 6, H is a hyperoval.
Lemma 9. The power of the bilinear form ·, · is given by
Proof. Assume k is odd. We have
Similar to the above, when k is even, we have
is even.
To state the next theorem we define the following partial ordering on the set of nonnegative integers. If 
and Proof.
We first prove that H is a hyperoval if and only if
where
where P is the polynomial obtained from expanding the terms in the last sum. We can assume P k has degree at most q, as v q+1 = 1.
By Theorem 8, H is a hyperoval if and only if P k (v) = 0 has q + 1 roots v ∈ S for each 1 ≤ k ≤ q. Equivalently, the coefficients of P k are zeros, that is, The theorem now follows from part 1) and 2).
And so Theorem 10 can be improved as follows. Let ∼ be the equivalence relation on D defined by x ∼ y if and only if there exists l ∈ Z such that x ≡ 2 l y (mod q 2 − 1). Let Remark 12. For q = 2 m ≤ 128, the set D is given in Table 1 .
Remark 13. For q = 4 and q = 8, from Table 1 it follows that H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval if and only if it is a Vandermonde set.
Example 14. Vandermonde sets of the form {u/g(u) | u ∈ S} ∪ {0} are not necessarily hyperovals either. For q = 16, let
where ω satisfies ω 3 = 1. Let H := {u/g(u) | u ∈ S} ∪ {0}. Then π i = 0, for i = {1, 3, 5, 7, 9, 11, 13}, but π 37 = 0. This implies H is a Vandermonde set but not a hyperoval.
The coefficients of g-functions and ρ-polynomials
In this section we study the coefficients of g-functions for hyperovals. We start with the following.
Proof. By the division algorithm, there exist r, h ∈ K[x] such that
where deg r(x) < q + 1. Then f (u) = g(u) for all u ∈ S if and only if r(u) = 0. This occurs if and only if r(x) = 0, if and only if f (x) ≡ g(x) (mod x q+1 − 1).
be the elementary symmetric polynomial of degree k for variables X 1 , . . . , X n . 
Proof. To simplify the notation, we let e k = e k (u 1 , . . . , u q+1 ). We consider the following forms of the polynomial
Then we have e k = 0 for 1 ≤ k ≤ q.
We now recall the Lagrange's Interpolation Formula (cp. [LN97] Theorem 1.71). For n ≥ 0, let a 0 , . . . , a n be n + 1 distinct elements of a field F , and let b 0 , . . . , b n be n + 1 arbitrary elements of F . Then there exists exactly one polynomial f ∈ F [x] of degree ≤ n such that f (a i ) = b i for i = 0, . . . , n. This polynomial is given by
Theorem 17. Let H := {u/g(u) | u ∈ S} ∪ {0}. Then H is a hyperoval if and only if one of the following holds.
1. The coefficient of x 2i−k+q+1 in g q−1−k (x) (mod x q+1 − 1) is zero, for each pair (i, k) ∈ M .
2. The coefficient of x k−2i in g q−1−k (x) (mod x q+1 − 1) is zero, for each pair (i, k) ∈ M .
Proof. Since the coefficients of x k−2i and x 2i−k+q+1 of g q−1−k (x) are conjugate, it is sufficient to prove that H is a hyperoval if and only if the condition in part 1) holds. We can assume g ∈ K[x] such that g(u) ∈ F for u ∈ S. From the Lagrange's Interpolation Formula and Lemma 15, for each k, modulo (x q+1 − 1), g q−1−k (x) has the form
Using Lemma 16, for u ∈ S, we have
Also,
Then, Using the relationship ρ(u) = 1/g(u) we obtain the following.
Theorem 18. Let H := {uρ(u) | u ∈ S} ∪ {0}. Then H is a hyperoval if and only if one of the following holds.
1. The coefficient of x 2i−k+q+1 in ρ(x) k (mod x q+1 − 1) is zero, for each pair (i, k) ∈ M .
2. The coefficient of x k−2i in ρ(x) k (mod x q+1 − 1) is zero, for each pair (i, k) ∈ M .
